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Simplified Linear Stability Transition Prediction Method
for Separated Boundary Layers
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Carleton College, Northfield, Minnesota 55057

and

Michael S. Seligi and Mark D. Maughmeri
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An existing transition prediction method for attached, two-dimensional, incompressible boundary layers
based on linear stability analysis is extended to separated, two-dimensional, incompressible boundary layers
such as those found in laminar (transitional) separation bubbles. It is shown why the present method, which
tracks the growth of disturbances at many different frequencies, is more accurate than the so-called envelope
methods for nonsimilar boundary-layer developments. Reliance on a database of precalculated stability charac-
teristics of known velocity profiles makes this method much faster than traditional stability calculations of
similar accuracy. The Falkner-Skan self-similar profiles are used for attached flow, and a new, very general
family of profiles is used for separated flow. Comparisons with measured transition locations inside the bubble
show good agreement over the range of chord Reynolds numbers and airfoil angles of attack of interest.

Nomenclature
b = width of separated shear layer
C, = pressure coefficient, p — po./ VapU?
¢ = airfoil chord

¢f = skin-friction coefficient
f = disturbance frequency, Hz
G = amplitude of Coles’s wake function

H;;, = boundary-layer shape factor, 6,/8,

H;, = boundary-layer shape factor, /6,

= distance of bottom of shear layer from airfoil surface
= amplification factor at constant frequency

unscaled amplification factor at constant frequency
linear stability theory amplification factor

value of n at transition

= static pressure along the airfoil surface

= chord Reynolds number, U,c/v

= momentum thickness Reynolds number, Ué,/v

= streamwise coordinate from the stagnation point

= boundary-layer edge velocity

= streamwise velocity inside the boundary layer

= distance along airfoil chord from leading edge

= normal distance from the surface

= complex wave number of sinusoidal disturbance

= dimensionless amplification rate, Im(a*6,)

= Falkner-Skan pressure gradient parameter, £2/» (dU/ds)
= boundary-layer thickness

= boundary-layer displacement thickness

= boundary-layer momentum thickness

= boundary-layer kinetic energy thickness

= Falkner-Skan similarity variable, y/¢

molecular viscosity of air

= kinematic viscosity of air, u/p

= Falkner-Skan characteristic thickness

= density of air
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= radian frequency of sinusoidal disturbance
= dimensionless radian frequency, w*8,/U

Introduction

HE prediction of boundary-layer transition has been the

object of research in fluid mechanics and aerodynamics
for over half a century. The methods used today can be
divided into two classes: empirical correlations and semi-
empirical methods. One of the most widely used correlations is
due to Michel,! who related the transition Reynolds number
based on the distance from the stagnation point on an airfoil
to the value of the momentum thickness Reynolds number at
transition. A similar criterion was developed by Eppler,?> who
related the momentum thickness Reynolds number to the en-
ergy to the momentum thickness shape factor at transition. A
different approach was developed by van Ingen?® and indepen-
dently by Smith and Gamberoni.* A linear stability analysis of
the governing equations is performed, and transition is as-
sumed to take place when the amplification factor reaches a
value previously correlated to experimentally observed transi-
tion locations. The amplification factor, denoted n(s), is de-
fined as the natural logarithm of the ratio of disturbance
amplitude at station s to its amplitude at neutral stability, s,.
For similar flow environments the transition, or critical, value
of the amplification factor has been reported to be about 9 by
many researchers. In this approach, rather than correlating
characteristic parameters of the flow arbitrarily, an attempt is
made to model the actual physical process by which transition
occurs. Linear stability theory, in fact, directly models the
growth of instabilities in a boundary layer while indirectly,
through the boundary-layer development, accounting for the
effects of Reynolds number. Because of the empirical input
regarding the value of » at transition, the e” method is referred
to as semiempirical.

The major advantage of the e” method is its ability to account
for the effect of the upstream boundary-layer development on
the stability of the boundary layer. In contrast, empirical
correlations such as Michel’s and Eppler’s simply monitor
local boundary-layer parameters and indicate transition when
a certain local condition has been met, irrespective of the
upstream history. The main disadvantage of the exact formu-
lation of the e” method, however, is that it requires very long
calculation times. The most widely used such method is the
SALLY program® which, in fact, requires hours of CPU time
on a mainframe for a single-angle-of-attack airfoil analysis.
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model relies on an approximation to the pressure distribution
in the laminar part of the bubble that has been successfully
correlated to many measured pressure distributions on differ-
ent airfoils at different Reynolds numbers. This allows the
calculation of the boundary-layer development in the laminar
part of the bubble in the direct mode and without making
recourse to an interaction algorithm. The turbulent part is
calculated by prescribing a distribution of H3, and solving the
momentum and energy integral equations in the inverse mode.
The transition location can be recognized by the sharp corner
in the bubble pressure distribution. Although transition ini-
tiates upstream of this corner and occurs over a small but
finite region of the airfoil, in the present method it is assumed

to occur at a point. )
In order to compare the methods discussed earlier exhaus-

tively, it is necessary to present four separate predictions for
all the cases shown in the following figures. A different line
type is shown in the plots to depict the amplification factor
growth along the airfoil surface as calculated by each different
method. The same line type is also used to indicate the corre-
sponding bubble pressure distribution. For all these cases the
inviscid pressure distribution is used to drive the boundary
layer upstream and downstream of the bubble. A solid line is
used for the present method utilizing the Green profiles. For
the sake of completeness, the present method has also been
applied to the reversed Falkner-Skan profiles, and the corre-
sponding curves are shown by a dashed line. This allows the
comparison between the method of Ref. 7 and the present
method also inside the bubble and with the same family of
profiles. The solid and dashed curves represent the numeri-
cally calculated envelopes of twenty frequencies calculated
individually in each case. The envelope method of Ref. 7 is
shown in a dotted-dashed line. This method has been found to
contain some additional errors due to inaccurate curve fitting
of Eq. (10) for very high values of H,,. A corrected version has
been kindly provided and is shown here as a dotted line.

Figure 10 shows a comparison with data taken from the
NASA NLF(1)-1015 airfoil at R = 500,000 (Ref. 18). The
bubble model used in conjunction with the present transition
prediction method is invoked when laminar separation is en-
countered by the boundary layer as driven by the inviscid
velocity distribution. The asterisks denote the laminar separa-
tion and the turbulent reattachment points. It can be seen how
the presence of the bubble modifies to some extent the upper-
surface inviscid pressure distribution upstream of laminar sep-
aration. Therefore, some error in the predicted transition loca-
tion should be ascribed to the different impact these two
distributions have on the growth of n. This airfoil poses an
additional challenge in that it is markedly aft loaded, leading
to greater discrepancies between the inviscid and the measured
pressure distributions as the trailing edge is approached.
Whereas the upper-surface bubble as calculated with the pre-
sent method is of the right length, the transition location in the
lower surface bubble is underpredicted. Rather than a short-
coming of the transition method, the disagreement is due to
the difference between the experimental pressure gradient,
softened by the strong trailing-edge interaction, and the invis-
cid one, which drives the bubble model.

The dotted-dashed line in Fig. 10 corresponds to the envel-
ope method of Ref. 7. Before laminar separation, the two
methods are almost identical. Since this has been observed for
all the airfoils analyzed, it can be said that the shape factor
distributions characteristic of most airfoil flows are smooth
enough to warrant the approximation implied by Eq. (11) and,
therefore, that the envelope method of Ref. 7 is sufficiently
accurate before laminar separation. However, as shown by the
difference between the present method applied to the reversed
Falkner-Skan profiles (dashed line) and the envelope method,
the steep growth of shape factor inside the bubble leads to a
significant error in the calculation of n by the latter. A more
significant example of this effect is given by the new, corrected
envelope method shown as the dotted line. These comparisons

confirm the error trend due to the nonsimilar development
discussed earlier for the test case.

As a second example, Fig. 11 shows a comparison with the
experimental pressure distribution of the Eppler E387 airfoil
at a chord Reynolds number of 100,000 and o = — 1 deg (Ref.
19). This angle was chosen in order to match the measured
upper-surface pressure distribution as closely as possible. The
same trends are observed again here, with the curve-fitting
errors of the original envelope method (dotted-dashed line)
becoming drastically apparent. Indeed, this example shows
why such large values of n;, are necessary to match measured
bubble lengths when the original envelope method is used at
very low Reynolds numbers.? All four curves coincide for the
lower surface boundary-layer development, which is all at-
tached. Thus far, it appears that the Falkner-Skan profiles, if
used properly, can achieve a reasonably accurate approxima-
tion of the flowfield. However, Fig. 12 shows that this is not
the case. For the same airfoil at the same Reynolds number
but at « = 6 deg, the present method with the Green profiles is
more accurate than the others. Fortuitously, the original en-
velope method is more accurate in this case because of the
same curve-fitting problem discussed above. Last, Fig. 13
shows a comparison with the pressure distribution of the
Wortmann FX63-137 airfoil at R = 100,000 and « = 4.8 deg
(Ref. 21). Although for the previous airfoils the exact inviscid
velocity distribution is generated simultaneously with the co-
ordinates by the conformal mapping method used by the
Eppler and Somers program, in this case it is obtained by
means of a higher-order panel method also employed by the
program.'¢ The upper-surface bubble is predicted well by the
present method as well as by the Falkner-Skan profiles,
whereas the original envelope method leads to an underpredic-
tion. The same effect, but more drastic, is observed in the
lower-surface bubble, which extends to the trailing edge.

From the preceding comparisons, it appears that the highly
nonsimilar flow inside the bubble leads to unacceptable errors
when the envelope method, even the corrected one, is used.
The Falkner-Skan profiles used in conjunction with the pre-
sent method, on the other hand, give reasonably accurate
results in five out of the six bubbles examined. The present
method with the Green profiles, however, gives the best and
most consistent transition prediction accuracy. These results
also serve to show how the very large values of n.;, on the
order of 20, reported in Ref. 20 are not due to low-Reynolds-
number or freestream turbulence effects but, rather, to a
curve-fitting error present in the original envelope method. In
all of these comparisons n.; = 11 was used. The present
method with the Green profiles has been used with the same
value of ng; also at Reynolds numbers higher than those
shown here, with the same degree of accuracy in the results.

Conclusions

Although the present method of transition prediction has
been shown to be more accurate than envelope methods for
nonsimilar boundary-layer developments, shape factor distri-
butions typically found on airfoils are smooth enough for
envelope methods to remain sufficiently accurate for attached
boundary layers. The present transition prediction method is
still necessary for separated flows, however, as the shape
factor growth is too steep for any assumption of local similar-
ity to hold. In addition, envelope methods cannot be applied
to an arbitrarily defined family of profiles such as the Green
profiles, which approximate the flowfield in the laminar part
of the bubble more accurately than the Falkner-Skan family. -
The new database developed for attached and separated .
boundary layers is very general and can be used in conjunction -
with any two-dimensional airfoil viscous analysis method.
Specification of the correct flowfield geometry in the laminar
part of the bubble has led to accurate predictions of bubble -
lengths with the same value of critical amplification factor for -
all Reynolds numbers at which bubbles occur.
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