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a b s t r a c t
An experimental program was conducted to study the low Reynolds number aerodynamics of ten wings
having aspect ratios ranging from 2 to 5. In this low-to-moderate aspect ratio range, experimental
data for use in validation of computational methods and design is lacking in the literature, yet this
range spans that of many typical modern small-scale UAVs that operate in the 50,000 to 150,000
Reynolds number range. A custom three-component force balance for measuring lift, drag, and moment
is described in detail and validated. Both straight and tapered wings were wind tunnel tested, and
ﬂow visualization was performed to characterize the ﬂow. The measurements showed that all wings
exhibited sensitivity to changes in aspect ratio and Reynolds number. Oswald’s eﬃciency factors derived
from the measurements ranged from a low value of 0.3 to more typical values near 0.8. Additionally,
the aerodynamic performance trends relating to the maximum lift coeﬃcient, lift curve slope, and
aerodynamic center are computed from the measurements and discussed for the ﬂat-plate wing models.
Finally, no hysteresis in angle of attack was observed over the range of Reynolds numbers tested.
© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction
With small-scaled unmanned aerial vehicle (UAV) design and
development coming to the fore in the aerospace industry, there
is a great need for accurate experimental data for the purposes of
aerodynamic modeling and simulation of various UAV conﬁgurations. Small-scaled ﬁxed-wing UAV platforms currently in service
(e.g., Desert Hawk, Wasp III, Raven) operate primarily in the low
Reynolds number regime (Re ≤ 300,000).
As has been noted in literature, airfoils operating at low
Reynolds numbers are primarily inhibited by the effect of the
laminar separation bubble where an initially laminar boundary
layer ﬂow over an airfoil separates upon encountering an adverse
pressure gradient, transitions to turbulent ﬂow, and subsequently
reattaches onto the airfoil surface. Carmichael [7] mentions in his
low Reynolds number survey that there exists a range of Reynolds
numbers (70,000 ≤ Re ≤ 200,000) where airfoil performance (pri-
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marily drag) is greatly affected by the formation of the laminar
separation bubble, its size, and its hysteresis effects.
The performance of low Reynolds number airfoils is therefore
strongly dependent on the magnitude of the drag rise attributable
to the bubble. Two dimensional airfoil data [25,42–45] plays an
essential role for wings of high aspect ratio (A ≥ 7), as the local
ﬂow over the central section of these wings behave two dimensionally, and wing performance can be easily calculated by correcting for downwash effects (lifting line) with limited loss of accuracy.
For low aspect ratio wings (A ≤ 2) however, the lifting-line
concept becomes of limited value as the local ﬂow around a wing
section is no longer nominally two-dimensional. Numerous experimental results [9,14,18,24,29,30,35,46,47,51] have shown that low
aspect ratio wing performance is affected by both linear and nonlinear sources of lift, and that the effect of the laminar separation
bubble is attenuated by the re-energizing effect of wing-tip vortices. The linear source of lift is derived from the bound vortex
ﬂow. The nonlinear source of lift can be explained by applying
Polhamus’ leading-edge suction analogy [37,38] to the side edges
of wings [20,21]. The strong wing-tip vortices of low aspect ratio
wings create low pressure peaks inboard of the side edges thereby
yielding increasing nonlinear lift with growing tip vortex strength.
For the past two decades, signiﬁcant inroads have been made into
the development of 6–12 in (15–30 cm) wingspan Micro Air Vehicles (MAVs) of low aspect ratio [1–3,11,12,15,16,23,28,31,32,48].

G.K. Ananda et al. / Aerospace Science and Technology 42 (2015) 392–406

393

Nomenclature

A
b
c̄
CD
Cd
C D min
CL
Cl
C Lα
C lα
C M c /4
C m c /4
C Mα
D
e0
k
L

aspect ratio
wingspan
mean aerodynamic chord
2
wing drag coeﬃcient (= D / 12 ρ V ∞
S ref )

LE
M
Re

2
airfoil drag coeﬃcient (= D / 12 ρ V ∞
c̄)
wing minimum drag coeﬃcient
2
wing lift coeﬃcient (= L / 12 ρ V ∞
S ref )
airfoil lift coeﬃcient
wing lift curve slope
airfoil lift curve slope
wing moment coeﬃcient at quarter chord

S ref
TE
V∞
x̄ac

2
S ref c̄)
(= M / 12 ρ V ∞
airfoil moment coeﬃcient at quarter chord
wing moment curve slope
wing drag
Oswald’s eﬃciency factor
constant of proportionality giving the rate of increase
of C d with C l 2
wing lift

δ
λ

Despite this, the payload capacity and endurance of MAVs have not
reached levels that are practical for use [36].
The current level of technology though has produced a plethora
of small UAVs (man-portable UAVs, hand launch UAVs) that are in
service both in military and civilian environments. The wings and
tail surfaces of most of these UAVs fall into the low-to-moderate
aspect ratio category (2 ≤ A ≤ 6). In this aspect ratio range where
ﬁnite wing effects still play a large effect for low Reynolds numbers, the reliance on two-dimensional experimental data would be
insuﬃcient. Limited experimental data however is available in literature [6,18,27,33,35,47,49]. In addition, there have yet to be detailed experimental results that relate the variation of aspect ratio,
taper ratio, and Reynolds number for low-to-moderate aspect ratio
wings in the critical 70,000 to 200,000 Reynolds number range.
In a bid to supplement the limited data currently available for
low-to-moderate aspect ratio wings at low Reynolds numbers, ten
ﬂat-plate wings of varying aspect ratio (A = 2, 3, 4, and 5) and
taper ratios (λ = 0.5, 0.75, and 1) were tested using a customdesigned and fabricated low speed external platform balance over
a range of Reynolds numbers between 60,000 and 160,000. General
observations from the wind tunnel results are presented together
with speciﬁc trends related to the maximum lift coeﬃcient, lift
curve slope, aerodynamic center, and Oswald’s eﬃciency factor of
the models tested.
This paper is arranged as follows. A detailed description of the
wind tunnel test models is ﬁrst given. A detailed summary of the
experimental setup and force-balance validation is then described.
Finally, typical wind tunnel results and overall aerodynamic trends
obtained for all wings tested are presented and discussed, and conclusions realized.
2. Experimental methods
2.1. Models tested
A total of ten ﬂat-plate straight wings were tested. As detailed
in Ananda [4], ﬂat plates were chosen for testing as they serve as
a good baseline to observe and interpret the effects of Reynolds
number, aspect ratio, and taper ratio variation. In addition, the
wing aspect ratios and Reynolds numbers tested are also typical
for small-scaled UAV wings and tail surfaces.

α
αC Lmax
ν
ρ

leading edge
wing moment at quarter chord
Reynolds number based on mean aerodynamic chord
(= V ∞ c̄ /ν )
wing reference area
trailing edge
freestream velocity
normalized location of the aerodynamic center from
the leading edge of the mean aerodynamic chord
wing angle of attack
wing stall angle of attack
induced drag factor
taper ratio
kinematic viscosity
density of air

Subscripts
ac
c /4

aerodynamic center
quarter-chord

The models were rapid prototyped using stereolithography
(SLA) to tolerances of approximately ±0.005 in (±0.13 mm) ensuring model accuracy and surface quality. A mean aerodynamic
chord length (c̄) of 3.5 in (88.9 mm) was chosen for all wings. In
addition, the model span fraction of all the wings tested was less
than 0.8. The model span fraction is the ratio of the wing span to
the width of the test section along the length of the wing. According to Refs. [5] and [34], a model span fraction that is less than 0.8
is desirable in order for standard wind tunnel corrections to apply.
Further, the wind tunnel facility used for testing (discussed in Section 2.2) has an increasing cross-section to account for boundary
layer growth.
A ﬂat-plate wing with an aspect ratio (A) of 3, taper ratio (λ)
of 1, and zero sweep was chosen as a benchmark for the ﬂat-plate
measurements. The rectangular ﬂat-plate A-3 wing was designed
to be directly compared with the wings that were tested by Pelletier and Mueller [35] and Shields and Mohseni [47]. Owing to
structural considerations, the thickness-to-chord ratio of the ﬂatplate model tested was 4.3% in comparison with 2.6% used in
Refs. [35] and [47]. The 4.3% thickness-to-chord translated to a
wing thickness of 0.15 in (3.81 mm). The ﬂat-plate model was also
designed to have a 10-to-1 elliptical trailing edge thickness ratio
in comparison with the 5-to-1 ratio used by Refs. [35] and [47].
Therefore, as shown in Fig. 1(a), the ﬂat-plate airfoil has a 5-to-1
elliptical leading edge thickness ratio (semi-major axis of 0.375 in)
and a 10-to-1 elliptical trailing edge thickness ratio (semi-major
axis of 0.75 in).
In addition to the rectangular ﬂat-plate A-3 wing, nine more
ﬂat-plate wings with varying geometry were tested as deﬁned in
Table 1. All the models tested were manufactured to the same airfoil conﬁguration as that of the rectangular ﬂat-plate A-3 wing.
Also, variations in the taper ratio for all wings were done about the
quarter chord line, which was straight. An annotated illustration of
the airfoil and the ten planforms tested is shown in Figs. 1(a, b)
respectively.
2.2. Facility
The experiments were conducted in the low turbulence subsonic wind tunnel in the Aerodynamics Research Laboratory at
the University of Illinois at Urbana–Champaign (UIUC). The wind
tunnel is an open-return tunnel with a rectangular test section

394

G.K. Ananda et al. / Aerospace Science and Technology 42 (2015) 392–406

Fig. 2. UIUC LRN-FB setup located at the top of the tunnel test section with its sting
attached to the wing tip at the quarter chord of the wing.

Fig. 1. Geometric characteristics of models tested: (a) 5-to-1 elliptical leading edge
thickness ratio (semi-major axis of 0.375 in) and a 10-to-1 elliptical trailing edge
thickness ratio (semi-major axis of 0.75 in) ﬂat-plate airfoil and (b) planform view
of all models tested.
Table 1
Flat plate model test matrix.

A

λ

2

3

4

5

0.5
0.75
1

0.5
0.75
1

0.5
0.75
1

–
–
1

measuring 2.8 × 4.0 ft (0.853 × 1.219 m) in cross section and having a length of 8 ft (2.438 m). Over the length of the test section,
the width increases by approximately 0.5 in (12.7 mm) to account
for boundary layer growth along the tunnel side walls. Test section
speeds up to 160 mph (71.53 m/s) can be achieved via a 125 hp
(93.25 kW) alternating current electric motor connected to a ﬁvebladed fan. As detailed in Ref. [42], the turbulence intensity of the
wind tunnel was measured to be less than 0.1%.
2.3. Force balance
A custom-designed and in-house fabricated external threecomponent platform force balance (LRN-FB) was used to acquire
all of the wind tunnel measurements presented in this paper (see
Ananda [4] for comprehensive LRN-FB design description). The experimental setup is depicted in Fig. 2. The LRN-FB was designed
to be conceptually similar to the University of Notre Dame’s UNDFB1 platform balance [29]. The LRN-FB was located outside of the
wind tunnel on the ceiling of the test section, and the wings were
mounted at the quarter chord using a sting that connected to the
wing tip. The spanwise axis of the wing was aligned vertically in
the wind tunnel.
The balance consisted of two platforms perpendicularly
mounted to each other. The platforms allowed the balance to measure principally lift and drag forces from the wing. Each platform
used eight Series 6000 double-ended ﬂexural pivot bearings (ﬂexpivots) manufactured by the Riverhawk Company. The lift platform

used the 0.3125 in (7.9 mm) diameter ﬂex-pivot (Model 6010-800),
and the drag platform used the 0.25 in (6.4 mm) diameter ﬂexpivot (Model 6008-800). As discussed in Ref. [5], ﬂexures are one
of the main components of an external wind tunnel balance. They
are designed to ensure that the balance reacts similarly in all principal directions and without hysteresis. Additionally, ﬂexures are
stiction-free and have, theoretically, an inﬁnite cycle life. An advantage to using low-cost off-the-shelf ﬂexural pivot bearings as
the ﬂexures is that in case of failure they are easily replaceable.
The lift platform was mounted on the base platform, and the
drag platform was suspended within the lift platform. Both platforms were connected to SMT-S load cells [5.6 lb (25 N) for lift,
2.2 lb (10 N) for drag] manufactured by Interface, Inc. via loadcell mounting brackets. The mounting brackets accepted a range
of load-cell attachment points to allow for variations in the operational range of the lift and drag platforms. The platforms were
pre-loaded to ensure that the load cells were always in tension.
This approach allowed the force balance to accurately measure
both small and large forces occurring in the test Reynolds number range of 40,000 to 160,000.
Within the drag platform, a setup consisting of a US Digital®
absolute optical encoder (Model A2), a Faulhaber® DC gear motor, and a worm gear measured and set the angle of attack of the
wing. The optical encoder was an optical rotary position sensor
that reported the shaft angle over a 360 deg range. The resolution of the optical encoder was 0.09 deg, and the zero position of
its shaft could be set to any location. The Faulhaber® 308:1 ratio
DC gear motor ran a 48-pitch worm shaft via a rotary–ﬂex coupling. The worm shaft drove a 45:1 gear ratio, 180-teeth worm
gear aligned in the axis of rotation of the spanwise axis of the
wing. The drag platform also housed a Transducer Techniques®
100 oz-in (0.71 N m) torque sensor (Model RTS-100) that measured the aerodynamic pitching moment of the wing. Given that
the torque sensor could not handle axial loads, an intricate setup
was designed to house it. This setup included a 0.625 in (15.9 mm)
diameter double-ended ﬂexural pivot (Model 6020-800), two large
tapered roller bearings and multiple ﬁttings. The goals of the
angle-of-attack and torque-sensor setups were two pronged. First,
it allowed the torque sensor to rotate with change in the angle
of attack of the sting/wing. The non-measuring end of the torque
sensor attached directly to the worm gear allowing the torque sensor to measure the pitching moment of the wing at each angle
of attack. Second, it ensured that only the moment loads of the
wing were transmitted to the torque sensor. A ﬁtting attached the

G.K. Ananda et al. / Aerospace Science and Technology 42 (2015) 392–406

395

Fig. 3. Annotated LRN-FB pitching moment and angle-of-attack setup: (a) side view and (b) sectional view.

Fig. 4. UIUC LRN-FB three-component wind tunnel force balance: (a) CAD model and (b) fabricated force balance.

measurement end of the torque sensor to the sting via the 0.625
in (15.9 mm) ﬂex-pivot. The central portion of the ﬂex-pivot was
ﬁxed with respect to the angle of attack, thereby preventing the
axial loads of the wing from reaching the torque sensor. A detailed
annotated side and sectional view of the angle-of-attack and pitching moment setup is shown in Fig. 3.
The components of the LRN-FB were fabricated and assembled
to tolerance levels of ±0.002 to ±0.005 in (±0.05 to ±0.13 mm).
This tolerance level ensured that assembly of the balance was performed with minimal ﬁtting issues. An isometric view of the CAD
model and a photograph of the fabricated LRN-FB are shown in
Fig. 4.
Although the LRN-FB was designed so that it directly measured
the lift L, drag D, and moment M with minimal interactions, there
always exist small ﬁrst- and second-order nonlinear interactions
between the different parts of the balance under load. Therefore,
linear calibration was performed for lift and drag, and moment
was non-linearly calibrated by methods described in Refs. [19],
[22], and [39]. A calibration matrix was then created according to
the steps outlined in Ref. [5]. Prior to the testing period, calibration and load checks were repeated multiple times to improve the
calibration methodology and ensure that the results were repeatable. In addition, during a testing period (over the course of two
months), whenever the sting was removed for wing replacement,

calibration was performed to counter the effect of drift. It has to be
noted that only minor variations in the slopes were observed from
one calibration to the next. Finally, during testing, wing drag polars
were repeated at least two times in each case to ensure repeatability of data acquired. Results of repeatability tests performed can
be found in Ref. [4].
During a run, the entire data-acquisition process was automated. A National Instruments LabVIEW® interface commanded
and maintained the Reynolds number and angle of attack of
the wing, acquired raw data (dynamic pressure, lift, drag, pitching moment, angle of attack, ambient temperature, and ambient
pressure), and subsequently reduced and plotted the data graphically during a run for real-time inspection. Dynamic pressure
measurements were taken from either a 1 Torr Baratron® Model
220 or 10 Torr Baratron® Model 221 differential pressure transducer depending on the freestream velocity tested. A Setra® Model
239 differential pressure transducer was used as a check for the
freestream velocities calculated by the Baratron transducer. Ambient pressure was measured using a Setra® Model 270 pressure
transducer and ambient temperature was taken using a ±1 deg R
accurate Omega Model CJ thermocouple that was mounted to the
side of the tunnel. Once the run was complete, the data were corrected for three-dimensional tunnel effects (solid blockage, wake
blockage, and streamline curvature) according to the methods
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outlined in Ref. [5]. The relative and absolute (in parentheses)
uncertainties of the lift, drag, and moment coeﬃcients were calculated to be 3.3% (C L = 0.0103), 2.7% (C D = 0.00107), and 4.6%
(C M c/4 = 0.00024) respectively using the methods introduced by
Kline and McClintock [17] and further discussed by Coleman and
Steel [8]. Detailed information regarding calibration, uncertainty
analysis (including measurement device uncertainties), and correction methodology can be found in Ref. [4].
2.4. Force balance validation
Two different validations were performed on the LRN-FB: the
wing mounting setup validation and a historical data validation.
Results for both validation tests are presented below.
2.4.1. Validation – wing mounting setup
The cantilever beam mounting setup for all wings tested made
it necessary to account for the tare and interference effects of the
sting. As discussed in Ref. [5], the tare of the sting is its direct
drag effects, and the interference is its effect on the ﬂow over the
wing. The direct drag effects of the sting were accounted for by
taking sting tares at each Reynolds number tested. During wing
testing runs, sting tares corresponding to the Reynolds number
tested were automatically subtracted prior to resolving the wing
aerodynamic loads into lift, drag, and moment components.
Two methods were employed to test the interference effects
of the sting. For the ﬁrst test, a mirror sting was mounted to
the tunnel ﬂoor. Interference tests were done using a Wortmann
FX 63-137 A-4 wing. The mirror sting was not attached to the
wing; a gap of approximately 1 mm was maintained. Tests performed at Reynolds numbers of 30,000 and 60,000 showed that
the mirror sting had negligible interference effects on the lift, drag,
and moment measurements of the wing. In addition, ﬂuorescent
oil-ﬂow visualization was employed to determine whether the ﬂow
over the wings was substantially affected by the sting. Fig. 5 shows
a photograph of a ﬂuorescent oil ﬂow over the upper surface of
the Wortmann wing at α = 9 deg and Re = 90,000. The similarities in the surface oil ﬂow on both ends of the Wortmann wing in
Fig. 5 indicate that the ﬂow over the sting caused minimal interference to the ﬂow over the wing. Also, several important features
of low Reynolds number ﬂow over wings were discernible such
as the laminar ﬂow, laminar separation bubble, and turbulent ﬂow
regions. Wing vortex induced separation was also observed in the
region of the wing tips.
2.4.2. Validation – ﬂat-plate A-3 wing
A historical data validation case was performed on the rectangular ﬂat-plate A-3 wing. Validation was performed by comparing
with data from Pelletier and Mueller [35] and Shields and Mohseni
[47]. The differences between the A-3 wing tested with the LRNFB and that tested by Refs. [35] and [47] were that the wing tested
had a 4.3% thickness-to-chord ratio and a 10-to-1 elliptical trailing edge thickness ratio in comparison with the respective 2.6%
and 5-to-1 ratio used by Refs. [35] and [47]. Also, semi-span wings
were tested in Ref. [35] in comparison with full-span wings tested
in Ref. [47] and with the present LRN-FB. Lift, drag, moment, and
drag polar comparison results are shown in Figs. 6(a–d).
Lift comparison results show close agreement with the theoretical lift curve for an aspect ratio of 3 wing and data from Ref. [35].
The main differences are the stall angle of attack and maximum
lift coeﬃcient which are likely due to the differences in the models
tested as discussed prior. Similarly, drag data [see Fig. 6(b)] shows
good agreement with Ref. [35]. A wider drag bucket for the experimental data in comparison with data from Ref. [35] can be attributed to test model differences (semi-span vs. full span). The experimental C D min value (present data and Ref. [35]) also lies within

Fig. 5. Upper surface oil ﬂow visualization of major ﬂow features on the Wortmann
FX 63-137 rectangular wing with an A of 4 (α = 9 deg, Re = 90,000).

the expected minimum drag range for a theoretical ﬂat-plate wing
at similar Reynolds numbers. Finally, moment comparison results
with data from Ref. [35] and [47] show small differences that can
be attributed as Ref. [47] suggests to experimental setup variations
between the three tunnels and test model differences.
An attempt was made to assess whether the measured and
C D min value from Ref. [35] of approximately 0.0175 or the C D min
value from Ref. [47] of approximately 0.04 was more accurate.
Laminar (Blasius solution) and turbulent (empirical estimate) skin
friction drag coeﬃcients were calculated to be 0.0094 and 0.0155
respectively from incompressible boundary layer approximations
for a ﬂat plate at a Reynolds number of 80,000. In addition, XFOIL
[10] was used to estimate the C d0 for an airfoil similar to the ﬂat
plate proﬁle tested. At a Reynolds number of 80,000, the C d0 of the
airfoil was calculated to be approximately 0.0122. Given that the
XFOIL and theoretical estimates did not account for wing tip effects, it can be concluded that the measured and C D min value from
Ref. [35] is of higher accuracy as compared with the measurement
from Ref. [47].
3. Results and discussion
This section lists general observations and discusses important
characteristics discerned from the wind tunnel results of the ten
ﬂat-plate wings tested. The important characteristics discussed relate to the maximum lift coeﬃcient, lift curve slope, aerodynamic
center, and Oswald’s eﬃciency factor of the wings. Data for all
wind tunnel tests was taken from −15 to 30 deg for increasing
and then decreasing angles of attack to possibly capture hysteresis effects. Moreover, a large angle of attack range was chosen to
capture post-stall effects of the ﬂat-plate wings. A full set of windtunnel results can be found in Ref. [4].
3.1. Typical results and general observations
In this subsection, typical results from wind tunnel measurements of the ten wings tested are shown. Drag polars, lift curves,
and moment curves of the ﬂat-plate wings exhibiting various
trends are presented in Figs. 7–9. In Figs. 7(a, b), results are presented where Reynolds number is varied for a wing with an aspect
ratio of 4 and taper ratio of 0.5. Figs. 8(a, b) present aspect ratio
variation results for wings with a taper ratio of 0.75 tested at a
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Fig. 6. Comparison results for the rectangular ﬂat-plate wing with an A of 3 at a Reynolds number of 80,000: (a) lift, (b) drag, (c) moment, and (d) drag polar.

Reynolds number of 100,000. Taper ratio variation results are presented for wings with an aspect ratio of 3 tested at a Reynolds
number of 80,000 in Figs. 9(a, b). In Fig. 10, lift-to-drag ratio curves
as a function of angle of attack are presented at varying Reynolds
numbers for a wing with an aspect ratio of 4 and a taper ratio of 0.5. Lastly, upper surface oil ﬂow visualization performed
on the rectangular ﬂat-plate A-3 wing at a Reynolds number of
60,000 and at angles of attack of 5, 7, and 10 deg is presented in
Figs. 11(a–c).
General observations of the results are as follows:

• The maximum lift coeﬃcient, C L max , was found for all models
tested to be in the range of 0.55 to 0.7. The procedure used to
obtain C L max is discussed later in Section 3.2.
• Upper surface oil ﬂow visualization results showed the existence of a laminar separation bubble in the leading edge
of the center section of the rectangular ﬂat-plate A-3 wing
at pre-stall angles of attack [see Figs. 11(a, b)]. A conceptual
illustration of the relationship between the surface oil ﬂow
features and skin friction distribution taken from Ref. [41] is
shown in Fig. 12 as an aid to understanding the ﬂow features
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Fig. 7. Flat-plate 5-to-1 LE, 10-to-1 TE wing with an A of 4 and λ of 0.5: (a) drag polars and (b) lift and moment curves. The dash–dot line indicates initiation of lift stall.

Fig. 8. Flat-plate 5-to-1 LE, 10-to-1 TE wings with a λ of 0.75 at a Reynolds number of 100,000: (a) drag polars and (b) lift and moment curves.

of the laminar separation bubble. The ﬂow visualization photographs of the wing at 5 and 7 deg show that the laminar
boundary layer ﬂowing around the thin leading edge of the
wing separates immediately. The separated laminar boundary
layer then transitions to turbulent ﬂow and reattaches itself
some distance aft of the leading edge of the wing. As the angle of attack increases, the reattachment line of the separation
bubble shifts toward the leading edge thereby shortening the
length of the separation bubble. At stall (α ≈ 10 deg), ﬂow
over the center section of the wing separates completely and
only the ﬂow due to the wing-tip vortices is evident. A laminar separation bubble was also observed by Torres and Mueller
[50] on low aspect ratio (0.5, 1, and 2) ﬂat-plate wings.

• Stall is accompanied by a deviation of the moment coeﬃcient
from a value close to zero [see Fig. 7(b) wherein the dash–dot
line indicates initiation of lift stall].
• An increase in lift curve slope, C L α , occurs with increasing
Reynolds number and aspect ratio (further discussed in Section 3.3). Taper ratio has a minimal effect on C L α .
• Consequent to the increase in C L α , a widening of the drag
bucket is also observed with increasing Reynolds number and
aspect ratio [see Figs. 7(a) and 8(a)]. A large change in the
size of the drag bucket is seen between an aspect ratio of 2
and 3.
• Prior to stall, the quarter-chord pitching moment coeﬃcient,
C M c/4 , is observed to be small for all wings tested. In the stall
and post-stall regions, large negative moments are observed
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Fig. 9. Flat-plate 5-to-1 LE, 10-to-1 TE wings with an A of 3 at a Reynolds number of 120,000: (a) drag polars and (b) lift and moment curves.

• Finally, aerodynamic hysteresis was not observed for any of
the ﬂat-plate wings over the range of angles of attack and
Reynolds numbers tested.
3.2. Maximum lift coeﬃcient

Fig. 10. Lift-to-drag ratio curve for a ﬂat-plate 5-to-1 LE, 10-to-1 TE wing with an
A of 4 and λ of 0.5 at different Reynolds numbers.

with larger magnitude moments observed for low aspect ratio,
low taper ratio wings [see Figs. 7(b), 8(b), and 9(b)].
• In the post-stall region, both lift and moment coeﬃcients are
observed to be relatively constant over the range of angles of
attack tested (up to 30 deg).
• The C D min values for all wings tested are observed to be
approximately 0.01–0.02 over the Reynolds numbers tested
(60,000 to 160,000). At these Reynolds numbers, the laminar
(Blasius solution) skin friction drag coeﬃcient was calculated
to be from 0.0066 to 0.0108, and the turbulent (empirical approximation) skin friction drag coeﬃcient was calculated to be
from 0.0134 to 0.0164.
• In terms of lift-to-drag ratio (Fig. 10), a narrow high C L /C D angle of attack range is observed for all ﬂat-plate wings. The high
C L /C D range is preceded and followed by precipitous drops in
lift-to-drag ratio, indicative of ﬂat-plate stall and consequently
a narrow maximum range ﬂight envelope. Also, a general trend
of increasing maximum lift-to-drag ratio with Reynolds number is observed for most ﬂat-plate wings tested.

The maximum lift coeﬃcient, C L max , of a wing is sometimes difﬁcult to obtain as wings undergoing stall may not exhibit a loss of
lift. The ﬂat-plate models tested exhibited relatively ﬂat post-stall
curves [see Figs. 7(b), 8(b), and 9(b)]. As a result, the determination of C L max becomes somewhat ambiguous. Since C L max should be
tied to an indication of ﬂow separation from the wing, the change
in the quarter-chord moment, C M c/4 , of the wing from a value close
to zero was chosen as the indicator for stall. Therefore, in this paper, C L max is deﬁned as the lift coeﬃcient for which the magnitude
of the moment curve slope, C M α , is the largest. The moment curve
slope, C M α , is derived at each angle of attack from C M c/4 using a
ﬁve-point linear least squares ﬁt method.
The method of obtaining C L max from wind tunnel measurements
is illustrated in Figs. 13(a–c) where C L , C M c/4 , and C M α curves
are presented as a function of angle of attack for the benchmark
(A = 3, λ = 1) ﬂat-plate wing at a Reynolds number of 120,000.
The largest magnitude for C M α [see Fig. 13(c)] was chosen as it
represents the largest change in the moment of the wing, signifying that the ﬂow has substantially separated from the upper
surface of the wing. Past this angle of attack, the wing would be
stalled, and wing buffeting would occur.
Using the procedure described above, the C L max of all the ﬂatplate wings is presented as a function of Reynolds number in
Fig. 14. Only a slightly increasing trend for C L max with increasing
Reynolds number is observed in Fig. 14. Over the range of Reynolds
numbers tested, C L max was found to lie between 0.55 and 0.7.
Figs. 15(a–c) present C L max results as a function of aspect ratio
at different Reynolds numbers. Results are presented for each taper
ratio case (λ = 0.5, 0.75, and 1). Apart from the slightly higher
C L max values for a ﬂat-plate wing with an aspect ratio of 2 and
taper ratio of 1 [see Fig. 15(c)], C L max remains relatively constant
with variation in aspect ratio. Further, the large C L max increasing
effects with decreasing aspect ratio observed by Torres and Mueller
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Fig. 11. Upper surface oil ﬂow visualization on the rectangular ﬂat-plate A-3 wing at a Reynolds number of 60,000 at (a)

α = 5 deg, (b) α = 7 deg, and (c) α = 10 deg.

pect ratio of 2 do not show any apparent trends with taper ratio
variations.
3.3. Lift curve slope

Fig. 12. Conceptual illustration of the relationship between the surface oil ﬂow features and skin friction distribution in the region of the laminar separation bubble
plotted against airfoil length [41].

[50] for low aspect ratio wings (A ≤ 2) was not evident for the
low-to-moderate aspect ratio wings tested.
The maximum lift coeﬃcient, C L max , results are also presented
as a function of taper ratio in Figs. 16(a–c). Results are presented
for ﬂat-plate wings with an aspect ratio of 2, 3, and 4 at different Reynolds numbers. The C L max of wings with an aspect ratio
of 3 and 4 [see Figs. 16(b, c)] is shown to slightly decrease with
increasing taper ratio, meaning that a lower C L max is observed for
rectangular ﬂat-plate wings. As Fig. 16(a) shows, wings with an as-

The lift curve slopes were calculated by ﬁtting the linear portion of each lift curve to a linear trendline. Presented in Fig. 17,
a general increasing trend was exhibited for the lift curve slope,
C L α , of the ﬂat-plate wings with increasing Reynolds number. As
expected, Fig. 17 also shows that there is a difference in C L α with
respect to aspect ratio.
To reinforce these observations, C L α results are presented in
Figs. 18(a–c) as a function of aspect ratio at varying Reynolds numbers for each of the three taper ratios that were tested. Also, the
theoretical lift curve slope for a ﬁnite wing of elliptical wing loading (ideal wing) and the Helmbold low aspect ratio straight-wing
equation slopes are co-plotted as lines in Figs. 18(a–c). The ideal
theoretical lift curve slope is given by

C L α = C lα

A
A+2

(1)

and the Helmbold equation, taken from Ref. [26], is given by

C L α = C lα

A

C
( π ) + ( πlα )2 + A2
C lα

(2)

where C lα refers to the airfoil lift curve slope taken as 2π .
Figs. 18(a–c) show that the measured C L α for ﬂat-plate wings at
low Reynolds numbers follows the general trends given by the theoretical lift curve slope and the Helmbold equation. It is observed
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Fig. 13. Method of obtaining C L max from (a) C L curve, (b) C M c/4 curve, and (c) C M α curve for a ﬂat-plate wing with an A of 3 and λ of 1 at a Reynolds number of 120,000.

with aspect ratios of 2 and 3 closely agree with the theoretical lift
curve slope. The trend of the data relative to the Helmbold equation is increasing lift with lower aspect ratio. It is speculated that
this may be a result of vortex lift such as that observed on delta
wings; however, in this experiment no supporting data was taken
to validate this hypothesis. It is worth mentioning that at an aspect
ratio of 2 the measured and theoretical lift curve slope matches the
lift curve slope from slender wing theory [13], where

C Lα =

π
2

A

(3)

Finally, no discernible trends were observed in C L α as a function
of taper ratio.
Fig. 14. Effect of varying Reynolds number on the maximum lift coeﬃcient, C L max ,
for ﬂat-plate wings.

that with increasing Reynolds number, C L α tends to converge toward the theoretical lift curve slope [Eq. (1)]. Also, for wings with
a taper ratio of 1, the C L α of wings with an aspect ratio of 4 and 5
more closely agrees with the Helmbold equation; whereas, wings

3.4. Moment curve and aerodynamic center
The moment curve results for all wings tested suggest that although the moment coeﬃcient, C M c/4 , lies close to zero for low angles of attack [see Figs. 7(b), 8(b), and 9(b)], there exists a variance
in C M c/4 as a function of angle of attack. The variance observed in
C M c/4 can be interpreted in terms of the movement of the aerody-

Fig. 15. Effect of varying aspect ratio on the maximum lift coeﬃcient, C L max , at different Reynolds numbers for wings with taper ratios of (a) 0.5, (b) 0.75, and (c) 1.

Fig. 16. Effect of varying taper ratio on the maximum lift coeﬃcient, C L max , at different Reynolds numbers for wings with aspect ratios of (a) 2, (b) 3, and (c) 4.
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as x̄ac varies from approximately 0.20 to 0.27. In addition, there
exists a hump or narrow angle of attack range for which the x̄ac is
further aft. This angle of attack range seems to be associated with
the angle of attack range for which maximum C L /C D occurs (see
Fig. 10). At higher of angles of attack (past the hump), however,
the aerodynamic center shifts markedly towards the trailing edge
of the wing to an x̄ac of close to 0.5 until the C L max of the wing is
reached.
3.5. Oswald’s eﬃciency factor
In an effort to compare the drag characteristics of the different
ﬂat-plate wings tested, a parabolic drag polar ﬁt was used, i.e.,
Fig. 17. Effect of Reynolds number on the lift curve slope, C L α , for ﬂat-plate wings.

namic center. The location of the aerodynamic center, x̄ac , at each
angle of attack is calculated using

x̄ac = −

C Mα
C Lα

+ 0.25

(4)

where x̄ac refers to the location of the aerodynamic center as a
fraction of the mean aerodynamic chord. The location is taken with
respect to the leading edge of the mean aerodynamic chord of the
wing.
Figs. 19(a–d) present x̄ac as a function of angle of attack for
different aspect ratio wings with a taper ratio of 1 at a Reynolds
number of 100,000. Results are presented between the angles of
attack of zero and the stall angle of attack, αC L max , of each wing.
For all cases, it can be observed that at low angles of attack, x̄ac
lies close to the quarter-chord location of the wing. The movement
of x̄ac at these low angles of attack is small but still signiﬁcant

C D = C D min +

CL2

π e0 A

(5)

where C D min is the minimum drag term and e 0 is Oswald’s eﬃciency factor, which can be expressed as

e0 =

1
1 + δ + kπ A

(6)

Oswald’s eﬃciency factor accounts for the increase in the proﬁle drag of the airfoil (k term) and the induced drag of the wing
[(1 + δ) term] with increasing lift. The k term is the approximate
relation between the proﬁle drag of the airfoil (C d ) to C l 2 . The
(1 + δ) term relates to the lift distribution over the wing where a
δ of zero represents a wing with an ideal elliptical lift distribution.
The ( π e1A ) term from Eq. (5) was extracted from wind tun0
nel measurements for each ﬂat-plate wing and Reynolds number by taking the linear ﬁt of the C D versus C L 2 curve in the
pre-stall region. An appropriate C L range had to be selected to

Fig. 18. Effect of aspect ratio on the lift curve slope, C L α , at different Reynolds numbers for wings with taper ratios of (a) 0.5, (b) 0.75, and (c) 1.
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Fig. 19. Movement of the aerodynamic center, x̄ac , for wings with a λ of 1 and aspect ratios of (a) 2, (b) 3, (c) 4, and (d) 5 at a Reynolds number of 100,000.

Fig. 20. Effect of varying C L 2 on the drag coeﬃcient, C D , with linear ﬁts for a ﬂat-plate wing with an A of 3 and λ of 1 using a C L range of (a) 0 to 0.4, (b) 0 to 0.5, and
(c) 0 to 0.6.

perform the linear ﬁt. Three lift coeﬃcient ranges were examined: C L = 0 to 0.4, C L = 0 to 0.5, and C L = 0 to 0.6. Figs. 20(a–c)
present C D versus C L 2 results and their corresponding linear ﬁts
for the three ranges on the benchmark ﬂat-plate wing (A = 3,
λ = 1) at a Reynolds number of 120,000. In addition, from regression analysis, the coeﬃcient of determination (R-squared value) for
the three ranges was found to be 0.952, 0.975, and 0.966 respectively. The C L range of 0 to 0.5 was chosen because the coeﬃcient
of determination was the largest, and the linear ﬁt agreed well
with the data [see Fig. 20(b)]. The linear ﬁt provided the coeﬃcient for the C L 2 term of Eq. (5). Together with C D min , a parabolic
ﬁt for the drag polars was created for all wings and Reynolds
numbers tested. As shown in Figs. 21(a–c), the pre-stall drag polars for the models matched well with the parabolic ﬁts from

Eq. (5). Oswald’s eﬃciency factor was calculated from each ( π e 1A )
0
term.
Fig. 22 presents e 0 as a function of Reynolds number. From
Fig. 22, it is evident that there exist a large variation in e 0 for
ﬂat-plate wings at low Reynolds numbers. The large variation in
e 0 represents a signiﬁcant departure from the commonly recommended values of approximately 0.6–0.9 from literature [26,40].
The atypical e 0 values observed have been also noted and discussed by Spedding and McArthur [49]. The general trend exhibited in Fig. 22 is that e 0 increases with increasing Reynolds
number. As discussed prior, Oswald’s eﬃciency factor is the quantiﬁcation of the rate of drag rise of a speciﬁc wing with lift. In
addition, as alluded to in Ref. [49], the rate of drag rise is related
to the degree of separation that exists on the wing (whether it
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Fig. 21. Effect of varying lift coeﬃcient, C L , on the drag coeﬃcient, C D , with parabolic ﬁts for ﬂat-plate wings at a Reynolds number of 120,000 for wings having the following
geometric characteristics: (a) A = 2, λ = 0.5, (b) A = 3, λ = 1, and (c) A = 4, λ = 0.75.

Fig. 22. Effect of varying Reynolds number on Oswald’s eﬃciency factor, e 0 , for ﬂatplate wings.

be from a separation bubble or separation forward of the trailing
edge). Therefore, the trends exhibited in Fig. 22 can be explained
in terms of a decrease in the degree of separation on the wing
with increasing Reynolds number.
The e 0 results are also presented in Figs. 23(a–c) as a function
of aspect ratio at varying Reynolds numbers. Each case represents
a different taper ratio. There exists a highly sensitive relationship
between e 0 and aspect ratio where at low aspect ratios, e 0 values obtained (∼0.6–0.8) closely match that discussed in literature;
whereas, with increasing aspect ratio, e 0 values as low as approximately 0.33 are seen. Similar to the effects observed with Reynolds
number, e 0 increases with decreasing aspect ratio as the degree of
separated ﬂow is attenuated by the strengthening wing tip vortex
structures of lower aspect ratio wings.

The e 0 trends observed are further aided by examining data
from Pelletier and Mueller [35]. Flat-plate rectangular wing aerodynamic measurements at a Reynolds number of 140,000 from
Ref. [35] show e 0 values of approximately 0.39, 0.34, and 0.22
for wings with an aspect ratio of 2, 3, and 6 respectively. Discrepancies in the e 0 values to that presented in this paper could
be attributed to test model differences, accuracy of data extraction, and the fact that semi-span wings were tested in Ref. [35]. In
addition, low aspect ratio rectangular ﬂat-plate wing results from
Torres and Mueller [50] between the Reynolds numbers of 70,000
and 100,000 showed e 0 values of approximately 0.82, 0.57, and
0.38 for wings with an aspect ratio of 0.5, 1, and 2 respectively.
A jump in e 0 with taper ratio is observed in Fig. 24(a) for wings
with an aspect ratio of 2 from a taper ratio of 0.5 and 0.75 to
a taper ratio of 1. The results give credence to the non-intuitive
notion that wing tip vortices aid in reducing drag by limiting the
dominant pressure drag of ﬂat-plate wings since rectangular wings
have higher strength wing tip vortices in comparison with tapered
wings. No obvious change in e 0 was observed in Figs. 24(b–c) as
the effect of wing-tip vortices in delaying separation is minimized
for higher aspect ratio wings.
4. Conclusions
An external platform force balance, the LRN-FB, was designed,
fabricated, and assembled to address an area of research found to
be lacking in the low Reynolds number aerodynamics regime. More
speciﬁcally, from a literature review, it was found that a systematic
study had not yet been performed on small-scaled UAV lifting surfaces of low-to-moderate aspect ratio and varying taper ratio in the
critical 70,000 to 200,000 low Reynolds number range. The LRN-FB
was validated for low Reynolds number, low-to-moderate aspect
ratio wings by data comparisons with historical data. As a benchmark for the ﬂat-plate wing wind tunnel results, data comparisons

Fig. 23. Effect of varying aspect ratio on Oswald’s eﬃciency factor, e 0 , at different Reynolds numbers for wings with taper ratios of (a) 0.5, (b) 0.75, and (c) 1.
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Fig. 24. Effect of varying taper ratio on Oswald’s eﬃciency factor, e 0 , at different Reynolds numbers for wings with aspect ratios of (a) 2, (b) 3, and (c) 4.

for a wing with an aspect ratio of 3 and taper ratio of 1 showed
good agreement with lift, drag, and moment results of historical
data at similar Reynolds numbers.
Ten low-to-moderate aspect ratio (A = 2, 3, 4, and 5) and varying taper ratio (λ = 0.5, 0.75, and 1) ﬂat-plate wings were tested
at low Reynolds number (60,000 to 160,000). Wind tunnel results
showed that for all ﬂat-plate wings no hysteresis was observed.
The stall angle of attack was taken as the angle of attack that corresponded to the largest change in the moment coeﬃcient. The
corresponding C L max values for all wings were found to lie between 0.55 and 0.7. Interestingly, the C L max results for the low-tomoderate aspect ratio wings tested were observed to be minimally
sensitive to variations in aspect ratio in comparison with low aspect ratio wing (A ≤ 2) results from literature.
The lift curve slopes calculated for the wings matched trends
found using the Helmbold equation and the theoretical lift curve
slope for a ﬁnite wing of elliptical wing loading. In addition, the lift
curve slope exhibited Reynolds number effects and was negligibly
affected by taper ratio.
The location of the aerodynamic center with respect to the
mean aerodynamic chord was calculated from the moment curve
slope and lift curve slope of all rectangular wings tested. The results showed that for ﬂat-plate rectangular wings, the location of
the aerodynamic center varied considerably with angle of attack.
At low angles of attack, the aerodynamic center was located close
to the quarter-chord location of the wing. In contrast, at high angles of attack approaching stall, the aerodynamic center shifted
toward the trailing edge of the wing.
The key results from the wind tunnel tests performed relate to
Oswald’s eﬃciency factors that were extracted from the measurements. Wind tunnel measurements showed large sensitivities in
Oswald’s eﬃciency factor of ﬂat-plate wings to aspect ratio variations. Oswald’s eﬃciency factor was found to decrease with increasing aspect ratio from a value of approximately 0.81 for a wing
with an aspect ratio of 2 and taper ratio of 1 down to a value of
approximately 0.33 for a wing with an aspect ratio of 5 and taper
ratio of 1.
Based on the aerodynamic performance trends observed for the
ﬂat-plate wings, no observable beneﬁt was found for the use of
tapered (λ = 0.5 and 0.75) low-to-moderate aspect ratio wings at
low Reynolds numbers. However, aspect ratio was found to be the
main driver with Reynolds number coming second in varying wing
performance characteristics. Finally, future aerodynamic modeling
of small-scale aircraft should account for the different Oswald’s
eﬃciency factors associated with wings and tail surfaces at low
Reynolds numbers.
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